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Abstract
The objective of this note is to further investigate the subgroup structure of the multiplicative
group D∗(G) of the skew field, or division ring of fractions formed from the group ring of a finitely-
generated torsion-free nilpotent group G. In particular, it will be shown that certain wreath products
can be embedded in D∗(G) for some G.
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1. Introduction
It is well known that the integral group ring of a finitely generated torsion-free nilpotent
group is an ˝Ore domain [1]; hence, it can be embedded in the corresponding skew field
of fractions. The general procedure is this: given a finitely generated torsion-free nilpo-
tent group G, form its group ring ZG consisting of finite formal sums of elements of G
with integer coefficients. Using the ˝Ore domain property, that every pair of elements has
a common right (or left) multiple, we can construct a skew field of fractions D(G) (see
for example P.M. Cohn’s book on constructing skew fields [2]). The structure of the mul-
tiplicative group D∗(G) of such a skew field has been the subject of some investigation
over the past several years. In particular, M.K. Smith [3] proved that the center of D∗(G)
E-mail address: pegdean@jps.net.0021-8693/$ – see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2005.10.018
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group ring of the center of the underlying group G. Gonçalves and Mandel [4] have shown
that the non-abelian subgroups of D∗(G) include the free groups of countable rank. (The
existence of free subgroups in the multiplicative group of an arbitrary skew field is an open
question.) More recently, Lichtman [5] has proved that D∗(G) is a direct product of the
multiplicative group of rational numbers by a residually torsion-free nilpotent group.
This note will add further information to the existing body of knowledge, as follows: let
G range over all finitely generated torsion-free nilpotent groups, and consider all resulting
D∗(G). I will prove the following:
Theorem. Let H be a finitely generated torsion-free nilpotent group and let A be a free
abelian group of countable rank. Then the wreath product of A by H can be embedded
in the skew field of fractions of a suitably chosen finitely generated torsion-free nilpotent
group.
Notice that in view of Lichtman’s theorem, the range of types of wreath products that
are subgroups of these skew fields is quite restricted. For instance, if G1, G2 are finitely
generated torsion-free nilpotent groups where G1 is of class at least 2, then G1  G2 is not
residually nilpotent [6], and therefore cannot be a subgroup of any D∗(G). In particular,
this means that the wreath product of a non-abelian torsion-free nilpotent group by an
infinite cyclic group is not a subgroup of any D∗(G).
2. Notation and definitions
Let G be any group, x, y any elements of G. Denote the conjugate y−1xy of x
by y as xy , and the commutator x−1y−1xy of x and y as [x, y]. Further, [G,H ] =
gp([g,h] | g ∈ G, h ∈ H), and [G1,G2, . . . ,Gn] = [[G1, . . . ,Gn−1],Gn].
As usual, define the lower central series of a group G
G = γ1(G) γ2(G) · · · γi(G) · · ·
inductively by
γi(G) =
[
γi−1(G),G
]= [G,G, . . . ,G︸ ︷︷ ︸
i
].
Recall the definition of a semi-direct product:
Definition 1. Let K and T be groups and suppose T acts on K ; i.e., there exists a homo-
morphism φ :T → AutK . Define a group G = K φ T , called the semi-direct product of
K with T , as follows:
G = {(t, k) | t ∈ T , k ∈ K}.
Multiplication is defined by (t, k)(u, l) = (tu, k(uφ)l).
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k ∈ K and ι2 : t → (t,1) for all t ∈ T . We often identify k with (1, k) and t with (t,1)
whenever there is no chance for ambiguity. Notice that in G the action of T on K is in fact
conjugation. This will be useful in the proof of the theorem.
The following example gives a special case of the construction of a semi-direct product
which is of interest here:
Example. Let R be a ring with unity, and let T be any subgroup of the group of units of R.
Denote the additive group of R by K and let φ :T → AutK be defined by tφ : k → kt
for all t ∈ T , k ∈ K . Form the semi-direct product G = K φ T . Setwise, G is T × K .
Multiplication in G is given by (t, k)(u, l) = (tu, ku + l).
Definition 2. Suppose
W = gp(H,T ),
where H and T are both subgroups of W . We write W = H  T if the subgroup B =
gp(H t | t ∈ T ) is a direct product,
B =
∏
t∈T
H t
and if W = B  T . W is called the standard wreath product of H by T .
3. Proof of the theorem
A lemma will be needed before proceeding to the theorem. It is well known, and no
proof is given here.
Lemma 1. Let N be a normal abelian subgroup of G. Let Q = G/N , and suppose that Q
acts on N . Suppose that
1 = N0 < N1 < · · · < Nm = N
is a series of subgroups of G which are invariant under the action of Q on N . If Q acts
trivially on Ni/Ni−1 for i = 1, . . . ,m and if Q is nilpotent, then so is G.
The theorem, which is repeated here from Section 1, can now be proved:
Theorem. Let H be a finitely generated torsion-free nilpotent group and let A be a free
abelian group of countable rank. Then the wreath product of A by H can be embedded
in the skew field of fractions of a suitably chosen finitely generated torsion-free nilpotent
group.
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unitriangular n × n matrices over the integers. Note that T is a subgroup of the group of
units of R which is nilpotent of class n−1. Now form the semi-direct product G = K T ,
where K is R+, a free abelian group. The action of T on K is right multiplication.
Consider the series
0 = K0 < K1 < · · · < Kn = K,
where Ki is the (additive) subgroup of K generated by all matrices of the form
n−i︷ ︸︸ ︷ i︷ ︸︸ ︷⎛
⎜⎜⎜⎝
0 . . . 0 ∗ . . . ∗
0 . . . 0 ∗ . . . ∗
...
...
...
...
...
...
0 . . . 0 ∗ . . . ∗
⎞
⎟⎟⎟⎠ ,
i.e., matrices where the first n − i columns consist of zeroes and the remaining columns
have arbitrary entries.
Observe that each of the subgroups is invariant under the action of T and that T acts
trivially on the quotients Ki/Ki−1. Hence, by the lemma, G is nilpotent. Notice that G is
also finitely generated and torsion-free.
Consider the group ring ZG and the skew field D(G) and its multiplicative group
D∗(G). In order to distinguish the additive operation in ZG from matrix addition, the
operation of addition in ZG will be denoted ⊕.
So, for example,
(t, k) ⊕ (u, l) cannot be combined if (t, k) = (u, l),
(t, k) ⊕ (t, k) = 2(t, k),
(t, k)(u, l) = (tu, ku + l).
Put a = (I, I ) where I is the identity matrix. Let A be the infinite cyclic subgroup of
D∗(G) generated by 1 ⊕ a where 1 is the identity element of ZG.
At this point, for ease of notation, identify T with its embedding in G, the subgroup of
G equal to {(t,0) | t ∈ T }.
Observe that if t, u ∈ T , t = u, then in G, at = au, for at = (I, t) and au = (I, u).
Observe also that (1 ⊕ a)t = t−1(1 ⊕ a)t = (1 ⊕ at ) = (1 ⊕ (I, t)).
Lemma 2. gp(A,T ) = A  T = B  T , where B =∏t∈T At .
Proof. It suffices to show the following for all t, u in T :
[
(1 ⊕ a)t , (1 ⊕ a)u]= 1, (1)
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(⋃
u =t
Au
)
= 1. (2)
(1) Commutativity is straightforward:
(1 ⊕ a)t (1 ⊕ a)u = (1 ⊕ (I, t))(1 ⊕ (I, u))
= 1 ⊕ (I, t) ⊕ (I, u) ⊕ (I, t)(I, u)
= 1 ⊕ (I, t) ⊕ (I, u) ⊕ (I, t + u)
= (1 ⊕ a)u(1 ⊕ a)t .
(2) Linear independence can be proved by contradiction:
Suppose then that for some mi ∈ Z+, ti ∈ T , t1 = ti for i = 2, . . . , k
(
(1 ⊕ a)t1)m1 · · · ((1 ⊕ a)tj )mj = ((1 ⊕ a)tj+1)mj+1 · · · ((1 ⊕ a)tk )mk (3)
or
(
1 ⊕ (I, t1)
)m1 · · · (1 ⊕ (I, tj ))mj = (1 ⊕ (I, tj+1))mj+1 · · · (1 ⊕ (I, tk))mk . (4)
Now consider the expansion of both sides of Eq. (4), and the “collection of like terms,” if
any. One term on the left-hand side is m1(I, t1). Is it possible that any other term on the left-
hand side can be combined with m1(I, t1); say, c(I, ti)ni c′(I, ti′)ni′ = cc′(I, ni ti + ni′ ti′)?
Could (I, ni ti +ni′ ti′) = (I, t1)? No: recall that t1, ti and ti′ all have 1’s along the diagonal.
Thus, the elements along the diagonal of niti + ni′ ti′ will be greater than or equal to 2.
Hence, m1(I, t1) must appear in the expansion of the right-hand side. But every ti on
the right-hand side is distinct from t1. Thus, again looking at the diagonals, there can
be no term on the right-hand side of Eq. (4) which is equal to m1(I, t1). This yields the
contradiction. 
It follows from a theorem of Jennings [7] that any finitely generated torsion-free nilpo-
tent group is embeddable in the group of unitriangular matrices over the integers for
some n; hence, the theorem is proved for A free abelian of rank 1.
For A free abelian of countable rank, let A be generated by the elements 1 ⊕ ai (i =
1,2, . . .). An element v of A looks like
v = (1 ⊕ a)m1(1 ⊕ a2)m2 · · · (1 ⊕ ak)mk (mi ∈ Z)
and v acted on by t ∈ T looks like
vt = (1 ⊕ (I, t))m1(1 ⊕ (I,2t))m2 · · · (1 ⊕ (I, kt))mk .
Lemma 3. gp(A,T ) = A  T = B  T , where B =∏ At .t∈T
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for all i, j  n,
[(
1 ⊕ ai)t , (1 ⊕ aj )u]= 1, (5)
At ∩ gp
(⋃
u =t
Au
)
= 1. (6)
Commutativity is again easy to verify.
For linear independence the argument is similar to the one in Lemma 2. Briefly, an
equation similar to Eq. (4), again with only positive powers mi , will look like
(
1 ⊕ (I, j1t1)
)m1 · · · (1 ⊕ (I, jr tr ))mr = (1 ⊕ (I, jr+1tr+1))mr+1 · · · (1 ⊕ (I, js ts))ms , (7)
where jk ∈ Z+, mk ∈ Z+, and the list
{
(I, j1t1), . . . , (I, js ts)
} (8)
is nonrepeating.
Let β = min{j1, . . . , js}; say it appears at least once on the left-hand side in the pair
(I,βtb). Consider the term in the expansion of the left-hand side mb(I,βtb). The matrix
βtb has β’s along the diagonal. There can be no other like term on the left- or right-hand
side since (8) is a nonrepeating list. 
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